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The zero-temperature phase diagram of the spin- 1
2
J1–J2–J
⊥
1 model on an AA-stacked square-
lattice bilayer is studied using the coupled cluster method implemented to very high orders. Both
nearest-neighbor (NN) and frustrating next-nearest-neighbor Heisenberg exchange interactions, of
strengths J1 > 0 and J2 ≡ κJ1 > 0, respectively, are included in each layer. The two layers are cou-
pled via a NN interlayer Heisenberg exchange interaction with a strength J⊥1 ≡ δJ1. The magnetic
order parameter M (viz., the sublattice magnetization) is calculated directly in the thermodynamic
(infinite-lattice) limit for the two cases when both layers have antiferromagnetic ordering of either
the Ne´el or the striped kind, and with the layers coupled so that NN spins between them are either
parallel (when δ < 0) or antiparallel (when δ > 0) to one another. Calculations are performed at
nth order in a well-defined sequence of approximations, which exactly preserve both the Goldstone
linked cluster theorem and the Hellmann-Feynman theorem, with n ≤ 10. The sole approximation
made is to extrapolate such sequences of nth-order results forM to the exact limit, n→∞. By thus
locating the points where M vanishes, we calculate the full phase boundaries of the two collinear
AFM phases in the κ–δ half-plane with κ > 0. In particular, we provide the accurate estimate,
(κ ≈ 0.547, δ ≈ −0.45), for the position of the quantum triple point (QTP) in the region δ < 0. We
also show that there is no counterpart of such a QTP in the region δ > 0, where the two quasiclassi-
cal phase boundaries show instead an “avoided crossing” behavior, such that the entire region that
contains the nonclassical paramagnetic phases is singly connected.
I. INTRODUCTION
The frustrated spin- 1
2
J1–J2 Heisenberg antiferromag-
net on the square lattice, which contains isotropic Heisen-
berg exchange interactions with strengths J1 > 0 be-
tween all nearest-neighbor (NN) pairs of spins and J2 > 0
between all next-nearest-neighbor (NNN) pairs, has be-
come a paradigmatic model of quantum magnetism. It
has received enormous attention over the last thirty or
so years [1–56], starting with its proposed relationship
to the disappearance of antiferromagnetic (AFM) long-
range order (LRO) in the high-Tc cuprate superconduc-
tors. The conjecture here was that frustrated AFM ex-
change couplings might lead to a quantum spin liquid
(QSL) state in which preformed pairs, or resonating va-
lence bonds, could become superconducting upon doping
[57, 58]. More recently, as frustrated quantum magnets
have emerged as an active research field in their own
right, the model has become recognized as one of the
most challenging quantum spin-lattice systems. Accord-
ingly, it has been widely studied [1–56], by a large num-
ber of theoretical techniques, as a prototypical system in
which to examine quantum phase transition (QPTs) be-
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tween quasiclassical ground-state (GS) phases with mag-
netic LRO and magnetically disordered (paramagnetic)
quantum phases that are driven by frustration.
In addition to this extensive theoretical interest, it is
also worth noting that several good experimental realiza-
tions of spin- 1
2
J1–J2 models on a quasi-two-dimensional
square lattice exist with J1 > 0 and J2 > 0. Ex-
amples include the vanadium-layered oxide materials
Li2VO(Si,Ge)O4 [59] and the B-site ordered double-
perovskite oxides Ba2CuWO6 [60], Sr2CuMoO6 [61],
Sr2CuWO6 [61, 62], and Sr2CuTeO6 [63].
Despite the intense interest in this model from both
theorists and experimentalists, as outlined above, the
nature of its GS phase around the value κ = 1
2
of the
frustration parameter, κ ≡ J2/J1, which represents the
point of maximum frustration in the classical version of
the model, still remains largely unresolved. Thus, if the
spins on the square-lattice sites carry spin quantum num-
ber s, the model becomes classical in the limit s → ∞.
In this classical limit the GS phase is simple in the two
limiting cases κ = 0 and κ → ∞. Clearly, when κ = 0,
the model has Ne´el AFM order [i.e., with a magnetic
wave vector Q = (pi, pi)]. For nonzero values of κ the
Ne´el-ordered state has a GS energy per spin given by
Ecl/N = 2J1(−1 + κ)s2. By contrast, when κ→∞, the
classical ordering is such that on each of the two equiv-
alent interpenetrating sublattices (i.e., which comprise
NNN sites on the original lattice connected by J2 bonds)
the spins are separately Ne´el-ordered, and with a relative
2angle θ between the ordering directions on the two sub-
lattices. The GS energy per spin in this case is given by
Ecl/N = −2J1κs2, independent of θ, for any value of κ.
Clearly, the classical J1–J2 model on the square lattice
thus has a first-order phase transition at κ = κcl =
1
2
be-
tween two AFM states, viz., the Ne´el state for κ < 1
2
and
an infinitely degenerate family of ground states specified
by the relative angle θ between the ordering directions on
the two interpenetrating sublattices, for κ > 1
2
. Thus, for
κ > 1
2
, the classical GS manifold has SU(2)×SU(2) sym-
metry, which is larger than the SU(2) symmetry of the
Hamiltonian. In this latter case, although the effects of
the exchange fields (J1) between the two sublattices can-
cel out, the zero-point quantum fluctuations, as well as
the thermal fluctuations, will depend on the angle θ be-
tween the two sublattice spin orientations. This leads to
a prototypical example [64] of the phenomenon of order
by disorder [65, 66], whereby the GS degeneracy is lifted
by quantum fluctuations with the angle θ now selected
to be 0 or pi. The AFM GS ordering is now collinear, and
the corresponding GS phase is a striped one consisting
of successive alternating columns (or rows) of parallel
spins [i.e., with a magnetic wave vector Q = (pi, 0) or
Q = (0, pi), respectively]. The GS symmetry is thereby
reduced from SU(2) × SU(2) to SU(2) × Z2, and the
collinear striped state breaks the invariance of the Heisen-
berg Hamiltonian under both spin rotations [SU(2)] and
rotations by 90◦ of the square lattice [Z2].
In the classical, s → ∞, limit of the model, lowest-
order spin-wave theory, wherein the effects of quan-
tum fluctuations are taken into account perturbatively
at O(s−1), thus shows [1] that the critical coupling
κcl =
1
2
marks a first-order transition between the Ne´el
and striped collinear AFM phases. In the extreme quan-
tum case, s = 1
2
, in which we are interested here, where
quantum fluctuations now have to be taken fully into ac-
count beyond perturbation theory, it may be anticipated
that these two quasiclassical AFM phases persist, but
are now separated by one or more intermediate param-
agnetic phases with no classical counterparts (i.e., with-
out magnetic LRO). While there is essentially complete
consensus that this scenario is realized in the spin- 1
2
J1–
J2 model on the square lattice, the nature of both the
phase (or phases) in the intermediate regime and their
associated QPTs, as well as the precise critical values of
κ at which the latter occur, are still not completely re-
solved, despite many calculations over the last thirty or
so years. These have included investigations of the model
using a wide diversity of modern theoretical techniques
and numerical tools of ever increasing sophistication. Ex-
amples include those based on mean-field theories of var-
ious (e.g., cluster, hierarchical) types [3, 28, 32, 46],
the exact diagonalization (ED) of finite-sized clusters
[2, 9, 10, 17, 20, 24, 31, 35], linked-cluster series expan-
sions [3, 11, 15, 22, 33], the bond-operator formalism
[4, 12, 43], resonating valence bond (RVB) approaches
[18, 38–41, 47, 48], variational Monte Carlo (VMC) ap-
proaches based on various families of trial GS wave
functions (e.g., RVB states, entangled plaquette states)
[18, 37–41, 47–49, 54], various quantum field-theoretical
approaches [19, 21, 30, 64] including the dynamic func-
tional renormalization group [32, 33], the density-matrix
renormalization group (DMRG) [36, 42, 55], matrix-
product or tensor-network approaches [29, 34, 39, 51–
53, 56], and the coupled cluster method (CCM) [23, 25–
27, 33, 35, 50].
While, in the intermediate region, where the GS phase
or phases are non-magnetic, the SU(2) spin symmetry is
not broken, various symmetries of the lattice still may
or may not be broken. In the former case one can have
various valence-bond crystalline (VBC) phases where the
lattice symmetries are broken by the formation of some
pattern of spin singlets. Examples include the columnar
dimer VBC phase, which breaks both translational and
rotational lattice symmetries, and the plaquette VBC
phase, which breaks only the translational symmetry. Al-
ternatively, one could have a QSL phase that conserves
all lattice symmetries. Such a QSL phase could be either
gapped or gapless (e.g., of the Z2 type).
Each of these phases has been proposed to form the
stable GS in part of all of the paramagnetic intermediate
regime of the spin- 1
2
J1–J2 model on the square lattice
by various of the above-cited references, with no overall
consensus having yet emerged. Part of the reason for this
uncertainty undoubtedly must lie in the fact that of the
various methods discussed above that have high potential
accuracy and/or are capable of systematic improvement
via some well-defined hierarchical approximation scheme,
almost all are either intrinsically biased in favor of some
particular GS phase and/or are not directly performed in
the thermodynamic (infinite-lattice) limit of interest. In
the latter regard, for example, the great majority of the
techniques employed are performed on lattices of a finite
size (N spins), and some form of finite-size scaling is then
used to extrapolate to the thermodynamic (N → ∞)
limit.
As has been very rigorously and authoritatively
demonstrated in a recent study [67] of the spin- 1
2
J–
Q model on the square lattice, for which the infamous
quantum Monte Carlo (QMC) minus-sign problem is ab-
sent, and hence where large-scale QMC calculations can
be undertaken, by contrast with the corresponding J1–J2
model of interest here, such extrapolations to the ther-
modynamic limit can have great uncertainties. This is
specially true in cases where is little or no analytic guid-
ance from theoretical considerations, as is often the case,
but can also even hold when such guidance is present. In
this context it is particularly noteworthy that the CCM
[68–85] provides a rather singular example of a theoret-
ical quantum many-body technique that can and does
study arbitrary spin-lattice models directly in the ther-
modynamic limit. It is precisely for that reason that we
employ it here.
Furthermore, in view of the still puzzling nature of the
phase or phases present in the intermediate paramagnetic
regime of the spin- 1
2
J1–J2 model on the square lattice
3around the value κ = 1
2
of the frustration parameter, it
is also potentially useful to examine a larger class of sys-
tems for which this model reduces to a special case. Thus,
we are strongly motivated to consider the corresponding
spin- 1
2
J1–J2–J
⊥
1 model on a square-lattice bilayer. Each
of the two monolayers is just a frustrated J1–J2 system,
but the two layers are now connected by Heisenberg ex-
change bonds of strength J⊥1 ≡ δJ1 between NN inter-
layer pairs of spins, with the two layer arranged in AA
stacking [i.e., with each site of one (horizontal) mono-
layer placed immediately above its counterpart on the
other monolayer]. The original J1–J2 model is then just
the special case δ = 0 of the larger J1–J2–J
⊥
1 model.
In this paper we use the CCM to study the spin- 1
2
J1–
J2–J
⊥
1 model on a square-lattice bilayer, for both signs
of the interlayer coupling parameter δ. In particular,
we will concentrate our efforts on examining the com-
plete phase boundaries of the two quasiclassical collinear
(AFM) phases (viz., the phases with Ne´el and striped
AFM order on each of the coupled monolayers) in the
κ–δ half-plane with κ > 0 (and J1 > 0), and specifically
in the window 0 ≤ κ ≤ 1 that contains the intermediate
paramagnetic regime in the case δ = 0.
In this context it is interesting to note too that the
spin- 1
2
J1–J2–J
⊥
1 model has also been previously stud-
ied on a stacked square lattice (i.e., where the number of
layers n → ∞, rather than the case n = 2 studied here)
[23], where use was also made of the CCM. Thus, the
bilayer model we study here lies, in some sense, between
the strictly two-dimensional square-lattice J1–J2 model
(i.e., where δ = 0) and the strictly three-dimensional
J1–J2–J
⊥
1 model on the stacked square lattice with an
infinite number of layers. Furthermore, unlike the latter
case, the bilayer case also exhibits the additional phys-
ical phenomenon of dimerization between NN interlayer
pairs, as discussed more fully in Sec. II. These features
thus provide considerable additional motivation to study
the bilayer model.
The plan for the remainder of this paper is as follows.
The J1–J2–J
⊥
1 model is itself first described in Sec. II,
where we also discuss more fully the main features of the
limiting case, J⊥1 = 0, of the monolayer model. We also
give there some discussion of what we might expect to
be some of the main features of the phase boundaries of
the two quasiclassical AFM phases as the interlayer cou-
pling parameter, δ ≡ J⊥1 /J1, is introduced. The main
features of the CCM as applied to quantum spin-lattice
problems are then reviewed in Sec. III before our numer-
ical results are presented in Sec. IV. Finally, our findings
are summarized and discussed in Sec. V, where we also
make comparisons with the results of others.
II. THE MODEL
The Hamiltonian of the J1–J2–J
⊥
1 model on a square-
lattice bilayer is specified as
H = J1
∑
〈i,j〉,α
si,α · sj,α + J2
∑
〈〈i,k〉〉,α
si,α · sk,α
+ J⊥1
∑
i
si,1 · si,2
≡ J1h(κ, δ) ; κ ≡ J2/J1 , δ ≡ J⊥1 /J1 ,
(1)
such that the sites on each (horizontal) monolayer are
labelled by the index i (i.e., with the two layers in AA
stacking such that sites i on the top layer lie vertically
above those on the bottom layer), and the two layers
are labelled by the index α = 1, 2. Every site (i, α)
is occupied by a spin-s particle described in terms of
the usual SU(2) operators si,α ≡ (sxi,α, syi,α, szi,α), with
s2i,α = s(s+1)1, and where we restrict discussion here to
the case s = 1
2
. The first two sums over 〈i, j〉 and 〈〈i, k〉〉
in Eq. (1) run over all NN and NNN intralayer pairs of
spins, respectively, with each Heisenberg bond (with re-
spective strengths J1 and J2) counted once and once only.
The third sum in Eq. (1) over the index i counts all cor-
responding interlayer NN Heisenberg bonds of strength
J⊥1 . We shall be interested here in the case when both
intralayer bonds are AFM in nature (i.e., J1 > 0 and
J2 ≡ κJ1 > 0), such that frustration is present in each
monolayer, but where the interlayer coupling parameter,
J⊥1 ≡ δJ1, may be either AFM (δ > 0) or ferromagnetic
(FM) (δ < 0) in nature. Since the parameter J1 merely
sets the overall energy scale, the Hamiltonian may be
expressed as in the last line of Eq. (1), such that the
relevant parameters of the model are κ and δ.
Our main interest here will thus be to investigate the
regions of stability of the two collinear AFM phases in
each monolayer (i.e., the quasiclassical Ne´el and striped
phases) in the κ–δ half-plane with κ > 0, as the interlayer
coupling, δ, is turned on. The square-lattice bilayer is
illustrated in Fig. 1(a), while the patterns of spins of
the two quasiclassical AFM phases on each monolayer
are shown in Fig. 1(b) and 1(c), respectively. For both
AFM phases the original square lattice (with spacing d) is
decomposed into two equivalent sublattices. For the Ne´el
state each sublattice is itself square (i.e., with spacing√
2d×√2d), such that each site on one sublattice has its
4 NN sites on the original lattice on the other sublattice.
By contrast, for the striped states, the original lattice
is decomposed into equivalent sublattices chosen either
as alternating columns (each with spacing 2d × d) or as
alternating rows (each with spacing d× 2d). Each of the
corresponding classical AFM phases then has its spins on
one sublattice pointing in a given, arbitrary (say, down)
direction, and those on the other sublattice pointing in
the opposite (say, up) direction. The classical Ne´el state
is thus as shown in Fig. 1(b), while the classical columnar
striped state is as shown in Fig. 1(c).
4(a) (b) (c)
FIG. 1. The J1–J2–J
⊥
1 model on the square-lattice bilayer, showing (a) the two layers 1 (red) and 2 (blue), the nearest-neighbor
intralayer J1 bonds as thin (red or blue) solid lines; the nearest-neighbor interlayer J
⊥
1 bonds as thick (brown) solid lines, and
the next-nearest-neighbor intralayer J2 bonds as dashed (red or blue) lines; (b) the monolayer Ne´el state; and (c) the monolayer
columnar striped state. Lattice sites are shown by filled circles ( ) and spins by the (green) arrows.
For the case of the spin- 1
2
square-lattice monolayer
(δ = 0) there is essentially complete agreement that
Ne´el order persists for κ < κc1 , striped order persists
for κ > κc2 , and some paramagnetic phase (or phases)
form the stable GS phase in the intermediate regime
κc1 < κ < κc2 . While the nature of the phase(s) in the in-
termediate regime remains unresolved, as noted in Sec. I,
modern high-quality calculations do seem to be converg-
ing on values for the two critical points of κc1 ≈ 0.43(3)
and κc2 ≈ 0.605(15).
Thus, for example, three recent independent DMRG
calculations yielded the values κc1 ≈ 0.41, κc2 ≈ 0.62
[36], κc1 ≈ 0.44, κc2 ≈ 0.61 [42], and κc1 ≈ 0.46,
κc2 ≈ 0.62 [55], while two high-order CCM calculations
yielded the values κc1 ≈ 0.447, κc2 ≈ 0.586 [35] and
κc1 ≈ 0.454, κc2 ≈ 0.588 [50]. Similar results have also
been found, for example, from a plaquette-renormalized
tensor-network study [34] that gave values κc1 ≈ 0.40,
κc2 ≈ 0.62; a renormalization group (RG) approach [45],
in which the RG flows were numerically integrated, that
gave values κc1 ≈ 0.416, κc2 ≈ 0.606; a cluster mean-
field theory approach [46] that gave values κc1 ≈ 0.42,
κc2 ≈ 0.59; a VMC calculation using an AFM fermionic
RVB class of trial wave functions [48] that gave values
κc1 ≈ 0.45, κc2 ≈ 0.6; and a separate many-variable
VMC calculation combined with quantum-number pro-
jections [49] that gave values κc1 ≈ 0.4, κc2 ≈ 0.6.
We should note, however, that while there is broad
agreement on the value for κc2 , there are still outlier cal-
culations for κc1 . For example, a bond-operator formal-
ism approach that included cubic and quartic interac-
tions beyond the harmonic approximation [43] yielded
a lower value of κc1 ≈ 0.34 (and κc2 ≈ 0.59), while
a recent approach using the cluster update algorithm
for tensor product states [51] yielded the much higher
value of κc1 ≈ 0.572. In this context it is interesting to
note too that a large-scale ED calculation using finite-size
scaling to the thermodynamic limit (N → ∞) on finite
square lattices of up to N = 40 sites [31] yielded values
κc1 ≈ 0.35, κc2 ≈ 0.66 based on the points where the Ne´el
and striped order parameters vanish, respectively, but
also gave values κc1 ≈ 0.46, κc2 ≈ 0.60 based on points
where the respective zero-field transverse (uniform) mag-
netic susceptibility vanishes. The latter estimates are
clearly in much better agreement with the modern con-
sensual values. On the other hand we should note that
the vanishing of the magnetic susceptibility only denotes
the opening up of a new gapped phase. Any non-magnetic
gapless state (e.g., of the QSL variety) would not, of
course, be seen by calculations of the susceptibility alone.
Turning our attention now to the bilayer, it is clear that
the interlayer J⊥1 bonds have no additional frustrating ef-
fect on the intralayer magnetic LRO. Indeed, in the clas-
sical limit (s→∞) they have zero effect. However, for fi-
nite spin quantum numbers s, if we consider first the case
of zero frustration (κ = 0), the J1 and J
⊥
1 bonds do still
compete with one another since the J⊥1 bonds by them-
selves promote the formation of NN interlayer dimers.
For the present spin- 1
2
case when J⊥1 > 0 these are spin-
singlet pairs, while for J⊥1 < 0 they are spin-triplet pairs.
Thus, even with zero frustration (J2 = 0), the introduc-
tion of AFM J⊥1 bonds induces a competition between
a GS magnetic phase with Ne´el LRO and a nonclassical
paramagnetic phase of the VBC kind, which is formed of
interlayer dimers. The resulting spin- 1
2
J1–J
⊥
1 model on
a square-lattice bilayer has been studied previously [86–
102]. Since QMC calculations can be performed in this
case (i.e., when κ = 0), the position δ>c1(κ = 0) of the
QPT between the Ne´el-ordered state and the quantum
disordered interlayer-dimer VBC (IDVBC) state can be
ascertained with high accuracy. For example, a finite-
size scaling of QMC results on lattices with 2L2 spins
with L ≤ 10 [90] gave a value δ>c1(κ = 0) = 2.51(2),
while a more recent QMC calculation of Wang et al.
[96] using the improved stochastic series-expansion al-
gorithm with operator-loop updates and finite-size scal-
ing on L × L × 2 lattices with L ≤ 42 gave the very
precise value δ>c1(κ = 0) = 2.5220(1). An exponent-
5biased SE analysis of Zheng [93] gave the comparable
result δ>c1(κ = 0) = 2.537(5).
We turn now finally to the case of interest here where
we also introduce intralayer frustration via the NNN
AFM J2 bonds. The resulting spin-
1
2
J1–J2–J
⊥
1 model on
a square-lattice bilayer has received much less attention
[103, 104] than either of the limiting cases δ = 0 [1–56] or
κ = 0 [86–102] discussed above. We note, however, that
a very recent paper [105] studied the case where frustra-
tion is introduced instead via an interlayer NNN AFM
J⊥2 bond, resulting in a J1–J
⊥
1 –J
⊥
2 model, with very dif-
ferent properties and behavior (and see also Ref. [106]).
Before presenting our results in Sec. IV for the J1–J2–
J⊥1 model it may be worthwhile to outline first our aims
and expectations. As the interlayer coupling parameter δ
is turned on we anticipate that its initial effect at a fixed
value of κ at which magnetic order of either the Ne´el
or striped sort exists, will be to enhance the stability of
the corresponding quasiclassical state, since the effect of
the J⊥1 bonds is to increase the number of NN bonds
and hence to take a step towards three-dimensionality.
A priori, one can expect that this effect is roughly sym-
metric with respect to small positive and negative values
of δ. Hence, we anticipate that on a κδ plot the Ne´el and
striped phase boundaries will both show a cusp at δ = 0.
Thus, we expect that κc1(δ) will initially increase and
κc2(δ) will initially decrease as δ is either increased to
small positive values or decreased to small negative val-
ues. Accordingly, we are particularly interested in what
then happens as |δ| is increased further in both the FM
(δ < 0) and AFM (δ > 0) regimes of interlayer coupling.
The situation is expected to be very different in the two
cases.
Thus, firstly, in the region where δ < 0 it is evident that
in the limit δ → −∞ the system will simply behave as a
spin-1 J1–J2 model on a square-lattice monolayer. Unlike
the corresponding spin- 1
2
case the spin-1 J1–J2 model on
the square-lattice seems to show [107–109] a direct tran-
sition between the Ne´el and striped phases at a critical
value κ ≈ 0.55, although an early DMRG calculation[110]
indicated a disordered paramagnetic phase in the nar-
row region 0.525 . κ . 0.555. Interestingly, a later
and very recent DMRG calculation [109] using larger fi-
nite lattices showed that if such an intermediate region
did exist it could do so only in the much smaller regime
0.545 . κ . 0.550. While the system sizes in the DMRG
calculations [109, 110] were too small for a critical anal-
ysis, both the CCM analysis [107, 108] and an infinite
projected entangled-pair state analysis [109], have shown
that the direct transition between the Ne´el and striped
phases for the spin-1 case is a first-order transition. The
best estimate for the critical coupling of the transition is
κ ≈ 0.549 [109].
Returning to our bilayer model, let us denote by δFc1(κ)
and δFc2(κ) the critical values of δ (for a given value of
κ) at which Ne´el order and striped order, respectively,
melt in the regime of FM interlayer coupling (δ < 0).
Equivalently, these phase boundaries, δ = δFc1(κ) and
δ = δFc2(κ), are also denoted, respectively as κ = κ
F
c1(δ)
and κ = κFc2(δ). In the light of the above discussion it
seems clear that in the half-plane δ < 0 there must ex-
ist a quantum triple point (QTP) that occurs at a value
δ = δFT such that κ
F
c1(δ
F
T) = κ
F
c2(δ
F
T) or, equivalently,
when δFc1(κ
F
T) = δ
F
c2(κ
F
T). Thus, if the position of this
QTP is (κFT, δ
F
T), then for all values δ < δ
F
T there will be
a direct transition between the Ne´el and striped phases at
a value κF(δ), where we expect limδ→−∞ κ
F(δ) ≈ 0.549.
One of our aims will be to evaluate accurately the po-
sition (κFT, δ
F
T) of the QTP where the Ne´el, striped, and
disordered paramagnetic phases meet in the half-plane
δ < 0. It seems almost certain that κFT will lie be-
tween the monolayer values κc1(δ = 0) ≈ 0.43(3) and
κc2(δ = 0) ≈ 0.605(15).
The possible scenarios in the half-plane δ > 0 are even
more interesting. One possibility is the obvious ana-
log to that discussed above, with another QTP between
the Ne´el, striped, and intermediate paramagnetic phases.
However, in this scenario, such a QTP would presumably
have to be accompanied by another QTP, at a larger
value of δ, now between the Ne´el and striped phases to-
gether with the gapped IDVBC state that we know must
physically occur for large enough values of δ at any fixed
value of κ. Such a scenario (at least as far as the first
QTP is concerned) was obtained in an earlier CCM calcu-
lation [23] of the spin- 1
2
J1–J2–J
⊥
1 model on the stacked
square lattice (i.e., the same model as considered here but
with an infinite number of layers in which all NN inter-
layer pairs are connected via J⊥1 bonds). In this case, of
course, no IDVBC state occurs, and the Ne´el and striped
AFM phases simply undergo a first-order transition for
all values of the coupling parameter δ beyond the first
(and only) QTP in this case.
An alternative, perhaps more intriguing, scenario in
the half-plane δ > 0 is one in which the boundaries of
the two quasiclassical AFM phases turn back on them-
selves, in a reentrant fashion, sufficiently rapidly as δ is
increased so that they avoid crossing. One of our major
aims here is to perform sufficiently accurate calculations
as to be able to distinguish with confidence between such
different scenarios. Before we present our findings in Sec.
IV, however, we first briefly discuss in Sec. III the most
important features of the CCM that we use to obtain
them.
III. THE COUPLED CLUSTER METHOD
The CCM [68–85] is widely recognized as providing one
of the most flexible, most widely utilized, and most accu-
rate of all available ab initio techniques in modern micro-
scopic quantum many-body theory. One of the keys to its
success is the fact that it preserves size-extensivity and
size-consistency at every level of approximation, thereby
enabling it to be implemented from the very outset in
the thermodynamic (N → ∞) limit. Hence any errors
associated with finite-size scaling, as needs to be per-
6formed in almost all competing methods, are obviated.
A second key to the success of the CCM lies in the fact
that it also exactly preserves at all levels of approxima-
tion the very important Hellmann-Feynman theorem as
well as the Goldstone linked-cluster theorem. A third
key to its success is that there exist well-defined, system-
atic, and very widely tested hierarchies of truncations
within which the method can be computationally imple-
mented to very high orders of approximation, as will be
done here. Since the CCM becomes exact within such a
truncation hierarchy as the order n of the approximation
tends to infinity (n → ∞), the only approximation ever
made is in the extrapolation of such a sequence of ap-
proximants for any physical parameter calculated for the
system under study. The combination of these features
ensures that the CCM yields accurate and self-consistent
sets of results for all GS and excited-state (ES) quantities
calculated.
Amongst many applications to quantum many-body
problems in fields as diverse as nuclear physics, sub-
nuclear physics, quantum chemistry, atomic and molec-
ular physics, quantum optics, and condensed matter
physics, the CCM has, in particular, by now been ap-
plied to a wide variety of spin-lattice systems of inter-
est in quantum magnetism (see, e.g., Refs. [14, 23, 25–
27, 33, 35, 50, 82, 83, 85, 107, 108, 111] and references
therein). Since its application to such systems has al-
ready been widely described in the literature, therefore
we content ourselves here with presenting a brief overview
of only those features that are most relevant to us now.
The first step in any implementation of the CCM is to
choose a suitable model (or reference) state |Φ〉 for the
N -body system with (N → ∞) under consideration, to-
gether with a complete set of mutually commuting, mul-
ticonfigurational creation operators, C+I ≡ (C−I )†. The
main requirement on |Φ〉 is that it should be a cyclic vec-
tor (or, equivalently, a generalized vacuum state) with
respect to the set of operators {C+I }. The set-index I
here is used to indicate a complete labelling of the many-
particle configuration created in the state C+I |Φ〉. We
thus require the set {|Φ〉;C+I } to obey the conditions,
∑
I
C+I |Φ〉〈Φ|C−I = 1 , (2)
〈Φ|C+I = 0 = C−I |Φ〉 , ∀I 6= 0 ; C+0 ≡ 1 , (3)
[C+I , C
+
J ] = 0 = [C
−
I , C
−
J ] , (4)
where 1 is the unit vector in the N -particle Hilbert space.
It is also convenient to choose the states {C+I |Φ〉} that
so span the N -body Hilbert space to be an orthonormal
set,
〈Φ|C−I C+J |Φ〉 = δI,J , (5)
with δI,J a suitably generalized Kronecker symbol.
The exact many-body GS ket and bra states, |Ψ〉 and
〈Ψ˜| (= 〈Ψ|/〈Ψ|Ψ〉), respectively, which satisfy the respec-
tive GS Schro¨dinger equations,
H |Ψ〉 = E|Ψ〉 ; 〈Ψ˜|H = E〈Ψ˜| , (6)
with |Ψ〉 now satisfying the intermediate normalization
condition, 〈Φ|Ψ〉 = 1 = 〈Φ|Φ〉, together with 〈Ψ˜|Ψ〉 =
1, are now parametrized within the CCM with respect
to the model state |Φ〉 via the distinctive exponentiated
forms of correlation operators,
|Ψ〉 = eS |Φ〉 ; S =
∑
I 6=0
SIC+I , (7)
〈Ψ˜| = 〈Φ|S˜e−S ; S˜ = 1 +
∑
I 6=0
S˜IC−I , (8)
that are one of the distinguishing features of the method.
Although Hermiticity implies that the destruction corre-
lation operator S˜ is formally related to its creation coun-
terpart S via the relation
〈Φ|S˜ = 〈Φ|e
S†eS
〈Φ|eS†eS |Φ〉 , (9)
the CCM treats S and S˜ as independent operators. They
will clearly satisfy Eq. (9) when no approximations are
made, but may violate it when truncations are made in
the sums over the index I in Eqs. (7) and (8), as described
below in practical implementations. The compensation
paid for this loss of explicit Hermiticity is the huge advan-
tage that in all such truncations the Hellmann-Feynman
theorem is now manifestly maintained.
All GS properties of the system may thus be calcu-
lated in terms of the set of real c-number correlation co-
efficients {SI , S˜I}. In turn, these may be found by inser-
tion of the parametrizations of Eqs. (7) and (8) into the
respective Schro¨dinger equations (6), followed by projec-
tion onto the complete sets of states 〈Φ|C−I and C+I |Φ〉,
respectively. As a completely equivalent alternative pro-
cedure we may derive {SI , S˜I} by demanding that the
GS energy expectation value functional, H¯ = H¯(SI , S˜I),
defined as
H¯ ≡ 〈Ψ˜|H |Ψ〉 = 〈Φ|S˜e−SHeS |Φ〉 , (10)
be an extremum with respect to the entire set of param-
eters {SI , S˜I}. By either method we may readily derive
the sets of equations,
〈Φ|C−I e−SHeS|Φ〉 = 0 , ∀I 6= 0 , (11)
〈Φ|S˜(e−S [H,C+I ]eS |Φ〉 = 0 , ∀I 6= 0 , (12)
By using Eq. (11) we may also show that the GS energy
at the stationary point may be expressed purely in terms
of the set of creation coefficients {SI} as
E = E(SI) = 〈Φ|e−SHeS |Φ〉 . (13)
7Correspondingly, Eq. (12) may be written in the equiva-
lent form,
〈Φ|S˜(e−SHeS − E)C+I |Φ〉 = 0 , ∀I 6= 0 . (14)
By contrast, the GS expectation value, A¯ ≡ 〈Ψ˜|A|Ψ〉,
of any other operator A requires both sets of GS CCM
coefficients for its evaluation,
A¯ = A¯(SI , S˜I) = 〈Φ|S˜e−SAeS |Φ〉 . (15)
We note that the characteristic CCM exponentiated
operators e±S only enter into Eqs. (11) and (12), which
need to be solved for the GS coefficients {SI , S˜I}, in the
form of the associated similarity transform of the Hamil-
tonian, e−SHeS. In order to solve Eqs. (11) and (12) in
practice we utilize the nested commutator expansion,
e−SHeS =
∞∑
n=0
1
n!
[H,S]n , (16)
where the n-fold nested commutators [H,S]n are defined
iteratively as
[H,S]n ≡ [[H,S]n−1, S] ; [H,S]0 = H . (17)
Another key feature of the CCM parametrizations of
Eqs. (7) and (8) is now that the otherwise infinite sum
in Eq. (16) terminates in practice for all Hamiltonians
that contain only finite-order multinomials in the appro-
priate single-particle operators, as in the present case.
The reason for this is simple, namely that all compo-
nents in the expansion of Eq. (7) mutually commute by
construction, as in Eq. (4). For the present Hamiltonian
of Eq. (1), which is bilinear in the basic one-body oper-
ators (sxi,α, s
y
i,α, s
z
i,α), the sum in Eq. (16) will terminate
with the term n = 2 for the choices for {|Φ〉;C+I } that we
describe below, due to the basic SU(2) commutation re-
lations. Thus, all nested commutators with n > 2 simply
vanish identically.
For the same reason, all terms in the expansion of H¯
are linked, and it is this fact that leads to the CCM sat-
isfying the Goldstone linked-cluster theorem (and conse-
quently being size-extensive) at all levels of truncation in
the expansions of Eqs. (7) and (8). Thus, in the solu-
tions of Eqs. (11) and (12) the sole approximation made
is in what set of configurations {I} will be retained in
the expansions of Eqs. (7) and (8), as described below.
We turn now to the choice of model state |Φ〉 and the
associated set of multiconfigurational creation operators
{C+I } for the present case. In any spin-lattice application
of the CCM a convenient (but not the only) choice for
|Φ〉 is always any quasiclassical state with perfect mag-
netic LRO, i.e., one for which the spin on every lattice
site is specified independently via its given spin projec-
tion onto some specified spin quantization axis. Here we
will thus use both the Ne´el and striped AFM states as
our independent CCM model states. It is highly conve-
nient to treat all such states in the same way, so that
all sites may be treated equivalently. A simple means of
doing so is to choose a local spin quantization axis in-
dependently on each site (i.e., equivalently, by making a
suitable passive rotation of each spin separately) so that
in these local axes the reference state is a tensor product
of spin-down states, |Φ〉 = | ↓↓↓ · · · ↓〉, such that all spins
point along the negative zs direction in these local sets of
axes. A beneficial effect of choosing such rotations is that
all cases may henceforward be treated on an equal foot-
ing and by a universal computational code. The cases are
distinguished only by that the spin Hamiltonian needs to
be rewritten in terms of the particular local axes needed
for each specific model state.
Such passive rotations are unitary transformations
that leave the basic SU(2) algebra unchanged, but also
have the other beneficial effect of allowing us to choose
the operators C+I as products of single-spin raising op-
erators s+k,α ≡ sxk,α + isyk,α. Thus, we have that the
set-index I becomes a set of lattice indices, {I} →
{l1, l2, · · · , ln ;n = 1, 2, · · · , 2sN}, where li ≡ (ki, α), and
in which any given lattice site index li may be repeated so
that it appears no more than 2s times, where s is the spin
quantum number of the spins in the general case. Thus,
we have C+I → s+l1s+l2 · · · s+ln , with n = 1, 2, · · · , 2sN .
Here, we take s = 1
2
, so that in each configuration I
no lattice site may appear more than once.
In these local rotated spin axes the order parameter
(i.e., the sublattice magnetization) takes the universal
form,
M = − 1
N
N∑
i=1
〈Φ|S˜e−SszlieS |Φ〉 . (18)
Once again, the expression e−Sszlie
S may be evaluated
exactly via a nested commutator expansion akin to Eq.
(16) that now terminates at the term with n = 1.
As we have indicated above, the only approximation
that we make in implementing the CCM is the truncation
of the expansion of Eqs. (7) and (8) for the correlation op-
erators S and S˜. We shall use here the well-established lo-
calised (lattice-animal-based subsystem) LSUBn scheme
wherein we retain at nth order all multispin-flip correla-
tions on the lattice over no more than n contiguous sites.
A set of sites is contiguous in this sense if every site in
the set is NN to at least one other in the set, in some
specified geometry. As the truncation index n tends to
infinity (n→∞), the corresponding LSUBn approxima-
tion becomes exact.
One may use the space- and point-group symmetries
of the lattice and the particular CCM model state |Φ〉
being used, as well as any pertinent conservation laws,
to reduce the number of independent configurations re-
tained at any order n of approximation. For example, for
each of the model states considered in Sec. IV (i.e., the
Ne´el and striped states on each monolayer), the Hamilto-
nian of Eq. (1) conserves the total z component of spin,
szT ≡
∑N
i=1 s
z
li
(where global spin axes are now assumed),
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FIG. 2. CCM results for the GS magnetic order parameter M vs the scaled interlayer exchange coupling constant, δ ≡ J⊥1 /J1,
for the spin- 1
2
J1–J2–J
⊥
1 model on the square-lattice bilayer (with J1 > 0), for two selected values of the intralayer frustration
parameter, κ ≡ J2/J1; (a) κ = 0.3, and (b) κ = 0.5. Results based on the Ne´el state on each monolayer, and the two layers
coupled so that NN spins between them are antiparallel (parallel) to one another for δ > 0 (δ < 0), as CCM model state are
shown in LSUBn approximations with n = 4, 6, 8, 10, together with the corresponding LSUB∞ extrapolated result based on
Eq. (19) and the LSUBn data sets n = {4, 6, 8, 10}. For case (a) we also show the respective LSUB∞’ extrapolated curve using
the restricted LSUBn data set n = {6, 8, 10}.
to the sector szT = 0. We denote by Nf (n) the minimal
number of distinct (and nonzero) fundamental multispin-
slip configurations that are retained at a given LSUBn
level of approximation after all such symmetries and con-
servation laws are take into account. The number Nf (n)
typically still grows rapidly with n, and available compu-
tational resources then determine the maximum order n
that can be computed.
In the present case we are able to perform LSUBn cal-
culations up to the very high order n = 10. Thus, for
the spin- 1
2
square-lattice bilayer model under considera-
tion we have Nf (10) = 239 021 (443 813) when the CCM
model state is chosen so that each monolayer has Ne´el
(striped) AFM order. To derive and then to solve such
larger sets of coupled nonlinear multinomial equations
(11) for S and linear equations (12) for S˜ we use both
massive parallelization and large-scale supercomputer re-
sources. In order to derive the equations (and see Ref.
[82]) we also use a purpose-built and customized com-
puter algebra package [112], without which it would not
be possible to go to such large orders n of LSUBn trun-
cation.
Since no approximations have been made in the eval-
uation of any finite-order LSUBn truncation of our ba-
sic CCM equations, nor in the subsequent evaluation of
any GS parameter of the system, our only approximation
is now made at the last step where we extrapolate an
LSUBn sequence of approximants to the (exact) n→∞
limit. By now there is a great deal of empirical evidence
on how to do so. For example, for the LSUBn approxi-
mants M(n) to the magnetic order parameter M of Eq.
(18), a well-tested scheme for systems with strong frus-
tration, and/or for which the system has a QPT between
states with and without magnetic LRO, has been found
(and see, e.g., Refs. [25–27, 33, 35, 85, 107, 108, 111] and
references cited therein) to be given by
M(n) = µ0 + µ1n
−1/2 + µ2n
−3/2 . (19)
By fitting a sequence of LSUBn approximants M(n) to
Eq. (19) we thus extract the corresponding extrapolated
(LSUB∞) value µ0 for M .
IV. RESULTS
We show first in Fig. 2 our CCM results for the mag-
netic order parameterM based on a model state in which
each monolayer has Ne´el order. For values of the inter-
layer coupling parameter δ > 0 (δ < 0) the two layers
are coupled so that NN spins are antiparallel (parallel).
Results are shown as functions of δ in Figs. 2(a) and
2(b) respectively for two fixed values of the intralayer
frustration parameter, κ = 0.3 and κ = 0.5. These val-
ues are chosen to lie on either side of the critical value
κc1(δ = 0) ≈ 0.45, at which Ne´el order melts in the
monolayer. In both cases results are shown for even-order
LSUBn approximations with 4 ≤ n ≤ 10, as well as for
the (LSUB∞) estimates µ0 obtained from fitting these
data to the extrapolation scheme of Eq. (19). The LSUB2
data are omitted since, in principle, they are expected to
be of too low order to fit well to such a three-term ex-
trapolation scheme. Nevertheless, when separate fits are
made that include them (i.e., to the LSUBn data sets
9n = {2, 4, 6, 8, 10}), the extrapolated values for µ0 hardly
change at all, thereby demonstrating the robustness of
the fits. To enable readers to judge by eye for themselves
how robust and accurate are our extrapolations, we also
show in Fig. 2(a) the corresponding extrapolation (la-
belled LSUB∞’) based on the restricted LSUBn data set
n = {6, 8, 10}. Although a fit based on only three data
points to a three-term extrapolation scheme such as that
of Eq. (19) is not, a priori, expected to be as robust as
one based on more data points, the agreement between
the LSUB∞ and LSUB∞’ curves can be clearly seen.
Similar agreement is observed for all other values of the
intralayer frustration parameter κ.
Turning first to Fig. 2(a), the LSUB∞ extrapolated
curve exhibits all of the features we expect from our dis-
cussion in Sec. II. Thus, firstly, the cusp at δ = 0 (where
M ≈ 0.17 for the value κ = 0.3 shown) is exactly as ex-
pected from the observation that as |δ| is increased from
zero in either direction, the order is first enhanced due to
the increase in the number of NN bonds and the conse-
quent step towards increasing the dimensionality of the
system. Secondly, we observe that as δ is increased fur-
ther, in the regime δ > 0 of AFM coupling between the
two layers, M attains a maximum value of about 0.29 at
a value δ ≈ 0.57 before the effects of interlayer dimer-
ization become sufficiently strong to start to weaken the
intralayer Ne´el order as δ is increased further beyond
that point. This continues up to an upper critical value,
δ>c1 = δ
>
c1(κ), above which Ne´el order disappears entirely.
For the value κ = 0.3 shown in Fig. 2(a), this upper
critical value is seen to be at δ>c1(0.3) ≈ 1.66.
As the value of κ is increased beyond 0.3 the cusp at
δ = 0 in the LSUB∞ curve of Fig. 2(a) is lowered un-
til, at the value κ ≈ 0.447, it reaches the δ = 0 axis.
This is precisely the value we obtain for κc1(δ = 0)
within this same extrapolation scheme, using the LSUBn
data set n = {4, 6, 8, 10}. We note in passing that for
the monolayer case (δ = 0) it has also been possible
to perform LSUB12 calculations [50]. The correspond-
ing value obtained from fitting to the LSUBn data set
n = {4, 6, 8, 10, 12} is κc1(δ = 0) ≈ 0.454 [50], which
again demonstrates the accuracy and robustness of our
extrapolations.
If we now slightly increase κ beyond this value κc1(0),
we obtain curves such as those shown in Fig. 2(b). Thus,
for a certain range of values above κc1(0), for which Ne´el
order is absent for the monolayer (δ = 0), as δ is either
decreased or increased from this value, Ne´el order be-
comes re-established at certain critical values, δFc1(κ) for
δ < 0 and δ<c1(κ) for δ > 0. For the value κ = 0.5 shown
in Fig. 2(b) these values are seen to be δFc1(0.5) ≈ −0.12
and δ<c1(0.5) ≈ 0.12. Once again, as δ is now increased
beyond the value δ<c1(κ), Ne´el order is at first enhanced
until M attains a maximal value. For the value κ = 0.5
shown in Fig. 2(b) this maximum value for M , for the
case of AFM interlayer coupling, is about 0.11 at a value
δ ≈ 0.42. Further increase in δ then reduce the magnetic
order until it again melts entirely at a value δ>c1(κ). For
κ = 0.5 this upper critical value is seen from Fig. 2(b) to
be at δ>c1(0.5) ≈ 0.67.
If we continue to increase κ slowly beyond the value
κ = 0.5 shown in Fig. 2(b), the lower and upper critical
values, δ<c1(κ) and δ
>
c1(κ), move towards one another until
at some value κmax1 ≈ 0.535 they merge, δ<c1(κmax1 ) =
δ>c1(κ
max
1 ) ≈ 0.3. Ne´el order is then wholly absent for any
value κ > κmax1 of the intralayer frustration parameter
and for any value δ > 0 of the AFM interlayer coupling.
Corresponding results to those shown in Fig. 2, which
are based on a CCM model state with Ne´el order on each
monolayer, as in Fig. 1(b), are now shown in Fig. 3 based
on a corresponding model state with striped AFM order
on each monolayer, as in Fig. 1(c). The two layers are
again coupled so that NN interlayer spins are antipar-
allel for δ > 0 and parallel for δ < 0. The two values
of κ shown, viz., κ = 0.7 in Fig. 3(a) and κ = 0.57
in Fig. 3(b) are now chosen to lie on either side of the
critical value κc2(δ = 0) ≈ 0.59 for which striped order
melts in the monolayer. In Fig. 3(a) we also show the
corresponding LSUB∞’ extrapolated curve based on the
restricted LSUBn data set n = {6, 8, 10}. The agreement
with the LSUB∞ curve based on the full LSUBn data set
n = {4, 6, 8, 10} is again observed to be excellent. Simi-
lar levels of agreement are found for all other values of κ.
Once again, for the special case of the monolayer LSUB12
calculations have also been performed [50] based on the
striped model state. In this case we find κc2(0) ≈ 0.587
based on the extrapolation of Eq. (19) with the LSUBn
data set n = {4, 6, 8, 10} as input, while the correspond-
ing result based on the set n = {4, 6, 8, 10, 12} yielded
the almost identical value κc2(0) ≈ 0.588 [50].
The similarity between Fig. 2(a) and 3(a), and also
between Fig. 2(b) and 3(b), is self-evident. In this case
we find that the lower and upper critical values, δ<c2(κ)
and δ>c2(κ), as seen in Fig. 3(b) in the region δ > 0
for the value κ = 0.57 < κc2(0) again move towards
one another as κ is now slowly decreased beyond this
value, until they merge at a value κmin2 ≈ 0.555, where
δ<c2(κ
min
2 ) = δ
>
c2(κ
min
2 ) ≈ 0.3. For all values κ < κmin2 of
the intralayer frustration parameter striped order is then
absent, whatever the value δ > 0 of the AFM interlayer
coupling.
In Figs. 4(a) and 4(b) we now show sets of extrapo-
lated (LSUB∞) curves for the magnetic order parameter
M as a function of the interlayer coupling parameter δ
for each layer with Ne´el order and striped order, respec-
tively, for various fixed values of the intralayer frustra-
tion κ. These correspond, respectively, to curves such
as those shown in Figs. 2 and 3. From Fig. 4(b) it is
clear that the position of the cusp at δ = 0 for the
striped-ordered phase rather rapidly approaches a lim-
iting value for M as κ is increased. This corresponds to
the limit (κ → ∞) of the model where each layer cor-
responds to two independent, and equivalent, interpene-
trating square sublattices, each of which is Ne´el-ordered.
A recent CCM calculation [113] for the spin- 1
2
Heisenberg
antiferromagnet on the square lattice utilized an LSUBn
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FIG. 3. CCM results for the GS magnetic order parameter M vs the scaled interlayer exchange coupling constant, δ ≡ J⊥1 /J1,
for the spin- 1
2
J1–J2–J
⊥
1 model on the square-lattice bilayer (with J1 > 0), for two selected values of the intralayer frustration
parameter, κ ≡ J2/J1; (a) κ = 0.7, and (b) κ = 0.57. Results based on the striped state on each monolayer, and the two layers
coupled so that NN spins between them are antiparallel (parallel) to one another for δ > 0 (δ < 0), as CCM model state are
shown in LSUBn approximations with n = 4, 6, 8, 10, together with the corresponding LSUB∞ extrapolated result based on
Eq. (19) and the LSUBn data sets n = {4, 6, 8, 10}. For case (a) we also show the respective LSUB∞’ extrapolated curve using
the restricted LSUBn data set n = {6, 8, 10}.
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FIG. 4. CCM results for the GS magnetic order parameter M vs the scaled interlayer exchange coupling constant, δ ≡ J⊥1 /J1,
for the spin- 1
2
J1–J2–J
⊥
1 model on the square-lattice bilayer (with J1 > 0), for a variety of values of the intralayer frustration
parameter, κ ≡ J2/J1, using (a) the Ne´el state and (b) the striped state as the CCM model state on each monolayer, and the
two layers coupled so that NN spins between them are antiparallel (parallel) to one another for δ > 0 (δ < 0). In each case we
show extrapolated results, obtained from using Eq. (19) with the respective LSUBn data sets n = {4, 6, 8, 10}.
data set n = {4, 6, 8, 10, 12} to yield the extrapolated
value M ≈ 0.3093. By comparison, we find here the re-
markably close value M(δ = 0) ≈ 0.3094 from using Eq.
(19) with the LSUBn data set n = {4, 6, 8, 10}, and as
shown in Fig. 4(b), for the curve κ = 1.0, which value
is itself already extremely close to the limiting value ob-
tained as κ→∞.
We also note from Fig. 4(a) that for the case of zero
intralayer frustration (κ = 0) our extrapolation of Eq.
(19) leads to an upper critical value, δ>c1(κ = 0) ≈ 2.84,
of the interlayer coupling parameter, beyond which Ne´el
order melts and a phase with IDVBC order is stabilized.
This may be compared with the corresponding value of
2.5220 obtained from a large-scale QMC simulation [96]
of the spin- 1
2
J1–J
⊥
1 model discussed in Sec. II. In this
context it is worth noting that the location of the phase
boundary is less accurately determined in our CCM cal-
culations for the region where the order-disorder transi-
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FIG. 5. CCM results for the GS magnetic order parame-
ter M vs the intralayer frustration parameter, κ ≡ J2/J1,
for the spin- 1
2
J1–J2–J
⊥
1 model on the square-lattice bilayer
(with J1 > 0), for a variety of values of the scaled inter-
layer exchange coupling constant, δ ≡ J⊥1 /J1, using (a) the
Ne´el state and (b) the striped state as the CCM model state
on each monolayer, and the two layers coupled so that NN
spins between them are antiparallel to one another in the
cases where δ > 0 and parallel to one another in the cases
where δ < 0. In each case we show extrapolated results, ob-
tained from using Eq. (19) with the respective LSUBn data
sets n = {4, 6, 8, 10}.
tion is essentially driven by singlet-dimerization than in
the region where it is essentially due to frustration.
Particularly in the half-plane δ < 0, corresponding to
FM interlayer coupling, it is also convenient to investigate
the magnetic order parameter M for the two quasiclas-
sical phases with AFM orderings on each monolayer as
functions of the intralayer frustration parameter κ, for
various fixed values of the interlayer coupling parameter
δ. In Fig. 5 we show a set of such curves for both AFM
monolayer orderings. The curves for δ = 0 again exhibit
the corresponding critical points, κc1(δ = 0) ≈ 0.447 and
κc2(δ = 0) ≈ 0.587, for the melting of Ne´el and striped
order, respectively, for the spin- 1
2
J1–J2 model on the
square-lattice monolayer. We also show the correspond-
ing curves for δ = 0.3 in the region of AFM coupling
between the layers, which is approximately the value of δ
for which the phase boundaries of the two quasiclassical
phases are closest together in this region δ > 0. Thus,
at δ = 0.3, the paramagnet state exists only in the very
narrow regime 0.535 . κ . 0.555 of the frustration pa-
rameter.
We also show in Fig. 5 similar curves for various val-
ues of δ in the half-plane δ < 0, which corresponds to
FM interlayer coupling. One sees clearly that for all val-
ues δ < δFT ≈ −0.45 the respective curves M = M(κ)
for the two quasiclassical phases cross one another at
a value κF(δ) > 0, indicating a direct first-order tran-
sition between them. The value κF(δ) is seen to be
almost independent of δ in this regime. For example
κF(−3) ≈ 0.539, which may be compared with the ex-
pected value limδ→−∞κ
F(δ) ≈ 0.549, viz., the value that
corresponds to the critical coupling for the direct transi-
tion between the two states in the spin-1 J1–J2 model on
the square-lattice monolayer [109], as discussed in Sec.
II. From Fig. 5 we see that the QTP where the Ne´el,
striped, and paramagnetic phases meet is situated at
(κFT, δ
F
T) ≈ (0.547,−0.45).
Of course, in view of the observation that the di-
rect transition between the two quasiclassical phases for
δ . −0.45 is of first-order type, we can also corroborate
our results in this regime by using the fact that the GS
energies of the two states should also cross at the phase
boundary. We use the appropriate extrapolation scheme
for the LSUBn approximants e(n) to the GS energy per
spin, e ≡ E/N , which is well known to be given by
e(n) = e0 + e1n
−2 + e2n
−4 . (20)
We may thus make use of Eq. (20) with the same LSUBn
input data sets n = {4, 6, 8, 10} as used in Fig. 5 to cor-
roborate the points shown in Fig. 5 by cross (×) symbols,
which denote the points where the respectiveM =M(κ)
curves for the two quasiclassical phases cross one another
for a given value of δ at the value κ = κF(δ). We find,
for example, at the value δ = −3, the two corresponding
LSUB∞ extrapolated curves e = e(κ) cross one another
at the value κ ≈ 0.558, which may be compared with
the value κF(−3) ≈ 0.539 cited above, where the respec-
tive M = M(κ) curves cross. The agreement between
these two essentially independent calculations is good.
This clearly also provides internal confirmation of the
robustness of the extrapolation schemes that form the
sole approximation made in our results
By combining results from curves such as those shown
in Figs. 2–5 to extract the points where the extrapolated
(LSUB∞) GS magnetic order parameter M vanishes for
the two quasiclassical AFM phases, we may finally con-
struct the zero-temperature (T = 0) quantum phase dia-
gram of our spin- 1
2
J1–J2–J
⊥
1 model on the bilayer square
lattice. It is shown in Fig. 6 in the κ–δ half-plane with
κ > 0. We note that different symbols are used in Fig.
6 to distinguish between points on the phase boundaries
that have been extracted from calculations done at fixed
values of κ and those extracted from calculations done at
fixed values of δ. It is clear by visual inspection that these
two sets of critical points lie very accurately on a smooth
boundary curve for each collinear AFM state. This again
provides good internal evidence that our extrapolations
are robust and accurate.
Our results are now discussed and summarized in Sec.
V.
V. DISCUSSION AND SUMMARY
We see from Fig. 6 that the phase boundary for each of
the AFM quasiclassical states is rather accurately linear
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FIG. 6. T = 0 phase diagram of the spin- 1
2
J1–J2–J
⊥
1 model
on the bilayer square lattice with J1 > 0, δ ≡ J
⊥
1 /J1, and
κ ≡ J2/J1. The blue and pink regions are the quasiclassical
phases with AFM Ne´el and striped orders, respectively, while
in the grey region quasiclassical collinear order is absent. The
filled and empty circle (and square) symbols are points at
which the extrapolated GS magnetic order parameter M for
the Ne´el (and striped) phases vanishes, for specified values
of δ and κ, respectively. By contrast, the cross (×) symbols
indicate points at which the corresponding two curves M =
M(κ), for a specified value of δ, cross one another. In each
case the Ne´el or striped state on each monolayer is used as
CCM model state, and Eq. (19) is used for the extrapolations
with the corresponding LSUBn data sets n = {4, 6, 8, 10}.
in the κ–δ plane for large enough values of AFM inter-
layer coupling (viz., for δ & 1.5). For the Ne´el phase
boundary the slope of the curve at large values of δ is
dδ/dκ ≈ −3.9, while the corresponding value for the
striped phase boundary is dδ/dκ ≈ 3.7. If this linear be-
havior would continue unchanged to smaller values of δ
the two curves would cross at a point (κ, δ) ≈ (0.54, 0.7).
Instead, as we see from Fig. 6, the two curves turn against
each other before this point, in a typical “avoided cross-
ing” manner, although they do approach one another
rather closely in the region around δ ≈ 0.3. This has the
effect that the entire disordered paramagnetic regime in
Fig. 6 is singly connected.
At small values of δ both phase boundaries exhibit the
reentrant behavior expected from our discussion in Sec.
II, with both displaying cusps at δ = 0. However, a closer
inspection of Fig. 6 shows that the nature of the cusps
is quite different for the two phase boundaries, with that
on the Ne´el side much “sharper” than its counterpart on
the striped side. More quantitatively, on the striped side
the slopes of the curves on each side of the cusp at the
point κ = κc2(0), δ = 0 are clearly nonzero. By contrast,
on the Ne´el side the corresponding slopes of the curves of
the cusp at the point κ = κc1(0), δ = 0 appear to be zero
(or very close) to zero. This difference would certainly
explain why the critical parameter κc1(0) is more difficult
to calculate accurately than the corresponding parameter
κc2(0) for the spin-
1
2
J1–J2 model on the square lattice,
as has been discussed previously in Sec. II. The difference
is surely also a direct reflection of the different natures
of the two QPTs in that model. Thus, our results are
in clear accord with the consensual view that, while the
transition at κc2(0) between the striped and paramag-
netic phases is a first-order one, that at κc1(0) between
the Ne´el and paramagnetic phases is continuous.
In the half-plane δ < 0 the phase boundaries of the
two quasiclassical AFM phases end at a QTP where they
meet a line of direct first-order transitions between the
two phases. Starting at the QTP, which we have cal-
culated as being located at (κFT ≈ 0.547, δFT ≈ −0.45),
this line of first-order transitions is very nearly a vertical
straight line in the κ–δ plane. At large negative values
of δ it approaches the value κF(δ → −∞) ≈ 0.539, which
is itself an accurate estimate of the QCP for the direct
transition between the two quasiclassical phases of the
spin-1 J1–J2 model on the square lattice.
It is completely beyond the scope of the present paper
to investigate in detail the nature of the phases in the
(grey shaded) paramagnetic regime in Fig. 6, outside the
respective regimes in which we have calculated that the
Ne´el state or the striped state on each monolayer forms
the stable GS phase. Nevertheless we conclude with a
few comments on this issue.
We have already discussed in Sec. I the lack of over-
all consensus for the nature of the GS phase or phases
in the region κc1(0) < κ < κc2(0) for the spin-
1
2
J1–
J2 model on the square-lattice monolayer. However, the
results of two independent high-order techniques, viz.,
the CCM [27, 50] and the DMRG method [42], applied
to the model, are both compatible with the existence
of two phases in this paramagnetic region. Both CCM
and DMRG calculations also agree on the critical val-
ues κc1(0) ≈ 0.45(1) and κc2(0) ≈ 0.60(1). Furthermore,
both can be consistently interpreted with the hypothe-
sis of a gapped plaquette-ordered VBC (PVBC) ground
state in the region 0.5 . κ < κc2(0), and a ground state
in the region κc1(0) < κ . 0.5 that could be a gapless
QSL state. In view of the single-connectedness of the en-
tire paramagnetic regime that we have found, it is clear
that, based on the above scenario being true for δ = 0,
this paramagnetic regime for the bilayer should include at
least three phases, viz., QSL, PVBC, and IDVBC. It will
clearly be of great future interest to study the boundaries
of these phases in detail.
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